Abstract-Computational speed and global optimality are a key need for pratical algorithms of the OPF problem. Recently, we proposed a tight-and-cheap conic relaxation for the ACOPF problem that offers a favourable trade-off between the standard second-order cone and the standard semidefinite relaxations for large-scale meshed networks in terms of optimality gap and computation time. In this paper, we show theoretically and numerically that this relaxation can be exact and can provide a global optimal solution for the ACOPF problem. Thereafter, we propose a multi-period tight-and-cheap relaxation for the multi-period ACOPF problem. Computational experiments using MATPOWER test cases with up to 500 buses show that this new relaxation is promising for real-life applications.
G k
Set of generators connected to bus k, L Set of branches, p Active/reactive power flow injected along branch ℓ by its to end at period τ .
I. INTRODUCTION
T HE optimal power flow (OPF) problem, first formulated in [1] , seeks to find a network operating point that optimizes an objective function subject to power flow equations and other operational constraints [2] - [5] . The continuous classical version with AC power flow equations, which is nonconvex and NP-hard [6] , is generally also called AC optimal power flow (ACOPF) problem.
In recent years, convex relaxations of the ACOPF problem, such as the second-order cone relaxation (SOCR) [7] , the semidefinite relaxation (SDR) [8] , the quadratic convex relaxation [9] , and others [10] - [14] , have attracted a significant interest for several reasons. First, they can lead to global optimality. Second, because they are relaxations, they provide a bound on the global optimal value of the ACOPF problem. Third, if one of them is infeasible, then the ACOPF problem is infeasible. We should note that, according to [5] , convex relaxations of the OPF problem are aimed at complementing nonlinear (local) solvers with valuable information about the quality of the solution obtained, rather than at replacing them.
For general meshed networks, SDR is stronger than SOCR but requires heavier computation. Therefore, the chordal relaxation (CHR) was proposed in [15] in order to exploit the fact that power networks are not densely connected, thus reducing data storage and increasing computation speed. However, even CHR remains expensive to solve compared to SOCR for largescale power systems. On the other hand, for radial networks, SOCR is tantamount to SDR. In this case, one would normally solve the first one rather than the second one due to the difference in computation time. A full literature review on these three relaxations can be found in [16] , [17] .
According to [3] , high computational speed is a key need for pratical OPF algorithms, especially in real-time applications and when dealing with large-scale power systems. In fact, in real-time applications, an OPF problem is run every few minutes to update device and resource settings in response to the constantly changing conditions of power systems [18] . This need motivated the choice of the tight-andcheap conic relaxation (TCR), first proposed in [19] , that offers a favourable trade-off between SOCR and SDR for large-scale meshed instances of ACOPF in terms of optimality gap and computation time. Indeed, TCR was proven to be stronger than SOCR and nearly as tight as SDR. Moreover, computational experiments on standard test cases with up to 6515 buses showed that solving TCR for large-scale instances is much less expensive than solving CHR.
Convex relaxations can lead to global optimality of the original ACOPF problem when they are exact, i.e., the optimality gap is null. For instance, [20] provided numerical examples on several IEEE benchmarks systems where SDR is exact. On the other hand, when a convex relaxation is not exact, it only provides a lower bound on the objective value, and its solution is not even feasible for the original problem [21] , [22] . In this case, different methods, discussed in [23] , have been proposed in the literature to obtain a feasible solution of the ACOPF problem from an inexact convex relaxation. SDR or CHR is exact when its optimal solution fulfills the rank-one condition. In this paper, we show that TCR is exact when its optimal solution also fulfills a similar condition. Unlike SOCR, an additional cycle condition is not necessary for meshed networks [17] . We should note that, for many test cases, convex relaxations of the ACOPF problem are inexact even though optimality gaps are close to zero [9] , [19] , [24] . The optimality gap is thus insufficient as metric of the exactness of a convex relaxation [23] . To assess the exactness of TCR, we consider two other metrics: the exactness error and the optimality distance. With these metrics, we show that TCR is exact and provides a global optimal solution to the ACOPF problem for some MATPOWER test cases.
Thereafter, we propose a multi-period TCR for the multiperiod ACOPF problem. An multi-period OPF problem is a sequence of ordinary OPF problems strung together by dynamic costs and constraints [18] . We consider a 24-period ACOPF problem and computational experiments using MATPOWER test cases with up to 118 buses show that this new relaxation is promising for real-life applications.
The remainder of this paper is organized as follows. In Section II, we recall TCR and we show that it can be exact. In Section III, we formulate the mathematical model of the multi-period ACOPF problem (without loss of generality) and we derive the multi-period TCR. We report in Section IV computational results on the exactness of TCR and the efficiency of the multi-period TCR. Section V concludes the paper.
II. ACOPF: TIGHT-AND-CHEAP RELAXATION
Consider a typical power network P = (N , L) where N = {1, 2, . . . , n} and L ⊆ N × N denote respectively the set of buses and the set of branches (transmission lines, transformers and phase shifters). Each branch ℓ ∈ L has a from end k (on the tap side) and a to end m as modeled in [25] . We note ℓ = (k, m). The ACOPF problem is given as:
v ∈ C |N | , subject to
• Power balance equations:
• Line flow equations:
• Generator power capacities:
• Line thermal limits:
• Voltage magnitude limits:
• Reference bus constraint:
The objective function (1a) is the cost of conventional generation commonly used in the literature. Constraints (1b)-(1e) are derived from Kirchhoff's laws and represent power flows in the network. Constraint (1i) specifies bus k = 1 as the reference bus. We assume that v k > 0 for all k ∈ N in (1h), and that the generation cost c g2 p
Problem (1) is highly nonconvex and NP-hard [6] due to the nonconvex constraints (1d)-(1e). Applying local methods to this problem provides no guarantee about the optimality of any solution found. Moreover, it is intractable to solve to global optimality for large-scale instances.
With V := vv H , the ACOPF problem (1) can be reformulated as follows minimize (1a) subject to (1f), (1g), (1i),
The nonconvexity of (2) is captured by the constraint (2f). We can show that V = vv H if and only if V 0 and rank(V) = 1. The standard semidefinite relaxation (SDR), first introduced in [8] , is obtained by dropping the rank constraint. If we relax the constraint V 0 in SDR by |L| constraints of the form
we obtain the standard second-order cone relaxation (SOCR) [7] , which is equivalent to SDR for radial networks. SDR can be very expensive to solve for large-scale instances and SOCR remains weaker than SDR for meshed networks. We then consider a cheaper relaxation, called tight-and-cheap relaxation (TCR), given in Model 1 and obtained as follows. We replace (2f) by
and we add the following constraints
corresponding to the reference bus k = 1. TCR was first proposed in [19] for the ACOPF problem. It was shown in [19] that TCR is stronger than SOCR and nearly as tight as SDR. Moreover, computational experiments on standard test cases with up to 6515 buses showed that solving TCR for large-scale instances is much less expensive than solving the chordal relaxation, a SDP relaxation technique
Model 1 Tight-and-cheap relaxation (TCR)
Variables:
Minimize: (1a) Subject to: (1f), (1g), (2a)-(2e), (4) .
that exploits the sparsity of power networks.
Then Y is a rank-one matrix if and only if X = xx H .
Proof: Consider the Schur complement X − xx
n is a global optimal solution for the ACOPF problem (1) .
is a global optimal solution of the ACOPF problem (1) since it is feasible for (2), which is equivalent to (1). Lemma 1 and Proposition 1 prove that the TCR optimal solution v is a global optimal solution for the ACOPF problem (1) if the positive semidefinite matrix in (4a) is rank-one at optimality for all branches ℓ = (k, m) ∈ L. We note that, when TCR is exact, global optimal voltages of the ACOPF problem are directly given by the TCR optimal solution v, unlike SDR or SOCR where we have to recover them from the optimal solution V.
III. MP-ACOPF: MULTI-PERIOD TCR
Many power system applications that require solving an OPF problem are multi-period because of the evolution of market prices, of the ramping limits of generation units and of the behavior of the demand [26] . An OPF problem is run to meet the requirements of a time horizon optimally in every period. Then, the multi-period model must be adjusted to ensure that decisions in one period are consistent with the next one [27] .
Consider a set {1, 2, . . . , τ } of time periods τ . All parameters in the ACOPF problem (1) remain the same for all periods except demand which varies in each period. Without loss of generality, the MP-ACOPF problem is given as:
|L| , and v τ ∈ C |N | for all τ = 1, . . . , τ , subject to
• Reference bus constraints:
• Ramp constraints:
(5l) In (5), the ACOPF problem (1) was replicated in each period τ = 1, . . . , τ , and coupled sequentially by the ramp constraints (5l). These constraints enforce the generation limits when the demand increases or falls sharply between two consecutive periods. Note that one can also consider other timecoupled constraints such as storage ones [18] , [28] . Beyond the constraints that can be taken into account, the major concern of the MP-ACOPF problem (5) is the computational scalability because the number of variables and constraints in the ACOPF problem (1) has been multiplied by the number of periods [18] .
We now propose a convex relaxation of the MP-ACOPF problem (5) . For all τ = 1, . . . , τ , let V τ := v τ v τ H . With the same reasoning as for the single-period ACOPF problem (1), we define in Model 2 a tight-and-cheap relaxation for the MP-ACOPF problem (5). We call this relaxation "multi-period tight-and-cheap relaxation" (MP-TCR). We should note that other convex relaxations of the MP-ACOPF problem were already considered in the literature, e.g., SDR in [28] , SOCR in [29] .
Model 2 Multi-period tight-and-cheap relaxation (MP-TCR)
for all τ = 1, . . . , τ . Minimize: (5a) Subject to: (5f), (5g), (5h), (5i), (5l), and for all τ = 1, . . . , τ ,
for all k ∈ N , then MP-TCR is exact. Moreover, for each time period τ = 1, . . . , τ , the MP-TCR solution v τ ∈ C n is a global optimal solution for the MP-ACOPF problem (5) .
Proof:
The result follows from Proposition 1.
IV. COMPUTATIONAL RESULTS

A. Exactness of TCR
In this section, we evaluate the exactness of TCR. We tested Model 1 on standard test cases available from MAT-POWER [25] , [30] , [31] .
We solved TCR in MATLAB using CVX 2.1 [32] with the solver MOSEK 8.0.0.60 and default precision (tolerance ǫ = 1.49 × 10 −8 ). All the computations were carried out on an Intel Core i7-6700 CPU @ 3.40 GHz computing platform. TCR and others relaxations defined in [19] were implemented as a MATLAB package, which is available on GitHub [33] . It requires that MATPOWER and CVX be installed and the input test case be in MATPOWER format.
We considered two different objective functions: the generation cost [$/h] (1a) and the active loss [MW] where c g2 = 0, c g1 = 1 and c g0 = 0 for all g ∈ G in (1a). Both objective functions of test cases from [31] are the same.
We assess the exactness of TCR using three metrics: 1) the exactness error (which derives from Proposition 1) measured as
where (v TCR , V TCR ) is the optimal solution of TCR; 2) the optimality gap
where υ MAT is the upper bound provided by the MATPOWER-solver (MIPS) and υ TCR is the TCR optimal value; and 3) the optimality distance defined as
where v MAT and v TCR represent the optimal bus voltages provided by MIPS and TCR, respectively. Table I and Table II summarize these three metrics for cost minimization and loss minimization respectively. The results highlight the following key points: 1) TCR is exact for the case6ww instance in both cost and loss minimizations, and for the case14 instance in cost minimization. TCR optimal voltages correspond exactly to optimal voltages provided by MIPS. 2) TCR is exact for the LMBD3_60 instance in loss minimization, even though TCR optimal voltages do not match to optimal voltages provided by MIPS. 3) TCR is near-exact (i.e., ε < 0.1% and ρ < 0.1%) for the case24_ieee_rts and case_illinois200 instances in both cost and loss minimizations, for the case_ieee30 instance in cost minimization and for the case5 and case_ACTIV_SG_500 instances in loss minimization. 4) TCR is on average more accurate in loss minimization than in cost minimization.
B. MP-TCR
Next we assess the accuracy and the computational efficiency of MP-TCR. We considered a 24-period ACOPF problem, i.e., τ = 24 in the MP-ACOPF problem (5) . Experimental settings are the same as in the previous section. We tested Model 2 on MATPOWER instances. All instances' parameters remain the same for all periods except demand which varies in each period.
For each node k ∈ N , demand p Dk + jq Dk for an ACOPF problem was multiplied by a factor given in Figure 1 , to obtain demand p τ Dk + jq τ Dk in each period τ = 1, . . . , τ for an MP-ACOPF problem. The time varying multiplier factor was estimated based on a real power demand curve for a typical winter day provided by Hydro-Quebec [27] .
For all τ = 1, . . . , τ − 1 and for all g ∈ G, bounds ∆ τ g and ∆ τ g on ramp constraints (5l) were estimated as ∆ τ ± 0.1|∆ τ |, where
Dk . Table III and Table IV summarize the optimal values υ MP-TCR of MP-TCR for cost minimization and loss minimization, respectively. MP-TCR was infeasible for following instances: LMBD3_50, LMBD3_60, case6ww, case24_ieee_rts, case89pegase, and all mediumscale instances except case118. The infeasibility of MP-TCR for these instances is explained by the fact that the demand varies at each period (hour) while the generation bounds remain unchanged for all periods. For some instances marked with "*" in Table III , MOSEK ended its computation with message Mosek error: MSK_RES_TRM_STALL().
For each feasible instance, and for each period τ = 1, . . . , τ , we calculated the exactness error ε τ , and we report the minimum, the average, and the maximum values in Table III  and Table IV . The results support the following key points: 1) MP-TCR is exact for the case14 instance in cost minimization. Optimal active and reactive outputs of each generator and optimal voltage magnitudes of each bus are given in Figure 2 and Figure 3 , respectively. 2) MP-TCR is near-exact for the case5 instance in loss minimization. 3) MP-TCR is on average more accurate in loss minimization than in cost minimization. We solved MP-TCR without any decomposition and computation times reported by MOSEK are shown in Table III and  Table IV . We note that, for a 24-period problem, MP-TCR is computationally cheap and may be promising for large-scale instances with a decomposition technique.
V. CONCLUSION
In this paper, we showed theoretically that the tight-andcheap conic relaxation (TCR) of the ACOPF problem can be exact. To assess the exactness of TCR, we used three metrics: the exactness error, the optimality gap and the optimality distance. In a new result, TCR provided a global optimal solution for 2 test cases: case6ww for both cost and loss minimization, case14 for cost minimization and LMBD3_60 Thereafter, we defined the multi-period TCR (MP-TCR) for the multi-period ACOPF (MP-ACOPF) problem. MP-TCR was also shown to be exact for the case14 instance in cost minimization. Experiments on MATPOWER instances with up to 118 buses show that, without any sophisticated decomposition algorithm, MP-TCR is computationally cheap and is promising for large-scale power systems in real-life applications. His research interests include the analysis and development of algorithms for derivative-free and blackbox optimization, and the design of related software. All of his work on derivative-free optimization is included in the NOMAD software, a free package for blackbox optimization available at www.gerad.ca/nomad.
